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The color gauge-invariant transverse momentum dependent (TMD) quark correlators contain
process dependent gauge links in the bilocal matrix elements. In this paper, we split these process
dependent correlators into universal TMD correlators, which in turn can be parametrized in uni-
versal TMD distribution functions. The process dependence is contained in gluonic pole factors, of
which the value is determined by the gauge link. The operator structures of the universal TMD
correlators are identified using transverse moments. In this paper, specific results for double trans-
verse weighting of quark TMDs are given. In particular, we show that for a spin 1/2 target one has
three universal time-reversal even leading ‘pretzelocity distributions’, two of which involve double
gluonic pole matrix elements and come with process dependent gluonic pole factors. We generalize
the results for single and double weighting to TMD correlators of any specific rank, illustrating it
for unpolarized, spin 1/2 and spin 1 targets.
PACS numbers: 12.38.-t, 13.85.Ni, 13.85.Qk
I. INTRODUCTION
The transverse momentum dependent (TMD) correlators for quarks and gluons include not only the dependence on
the longitudinal momentum fraction x but also the dependence on the transverse momentum pT of the partons (quarks
or gluons). This enables one to incorporate spin-momentum correlations. The correlators in turn are parametrized in
terms of parton distribution functions (PDF) and parton fragmentation functions (PFF). The leading TMD distribu-
tion and fragmentation functions in these correlators include besides the well-known spin-spin densities that survive in
the collinear case (where the transverse momentum is integrated) also spin-orbit densities. These provide for instance
a natural interpretation for single spin asymmetries observed at high energies. The correlators are the nonperturbative
objects that enter the description of high-energy scattering processes through a convolution with the perturbative
hard scattering process. They constitute nonlocal matrix elements of the parton field operators. Collinear gluons
exchanged between the soft and hard parts are resummed into the nonperturbative objects and show up as the Wilson
lines or color gauge links that make the correlators gauge-invariant. For TMD correlators the nonlocality in the oper-
ators is in the transverse direction as well as longitudinal (light-like) direction, and there is no unique way to connect
the fields through the gauge link [1–4]. The link depends on the process under consideration. In fact, in the case of
single spin asymmetries it is the closing of the gauge link with the transverse gauge link at light-cone plus or minus
infinity that plays a major role in distinguishing time-reversal even (T-even) and time-reversal odd (T-odd) TMD
distribution and fragmentation functions [5–7]. To study the pT -dependence it is convenient to look at the transverse
moments, obtained by weighting the TMD functions with one or more powers of pT [2, 8]. It has been shown in
Ref. [2] that single weighted correlators relevant for different azimuthal asymmetries can be expressed in terms of
two collinear correlators, the first one containing a T-even operator combination and the second one containing a
T-odd combination. The latter involves a quark-quark-gluon matrix element with vanishing gluon momentum and
is known as the Efremov-Teryaev-Qiu-Sterman (ETQS) or gluonic pole matrix element [9–14]. This matrix element
appears in cross sections multiplied with a process dependent gluonic pole factor, which depends on the hard part
of the process. Examples of such process dependent T-odd functions are the Sivers and Boer-Mulders function. The
pT -weighted moment of the fragmentation correlators can also be divided into two parts similar to distributions, but
here T-odd effects can come also from the fact that one has complex non-plane wave final states [2]. For fragmentation
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2the gluonic pole matrix elements vanish and since for a given transverse moment there is only one specific operator
combination, there is no process dependence [15–19]. This is for example the situation for the Collins fragmentation
function. Generally, the dependence on the gauge link complicates the universality properties of TMDs as well as
factorization issues.
In terms of transverse moments, the study of TMD correlators becomes simpler. There remains a process depen-
dence, but this is dealt with by process dependent gluonic pole factors, that depend on the hard part of the process. In
other words, given a process one already knows which correlators are important. While single weighted moments are
important for cos(ϕ) and sin(ϕ) asymmetries, one needs higher pT -moments for cos(nϕ) or sin(nϕ) asymmetries. For
double weighted transverse moments, one looks at weighting with pα
T
pβT . The pretzelocity TMD PDF h
⊥
1T (x, p
2
T ) is an
example for which double weighting is important. It has received some attention in the literature recently. It is a twist
two chiral odd and T-even TMD distribution function. It contributes to the sin(3ϕ−ϕS) asymmetry in semi-inclusive
deep inelastic scattering (SIDIS) [20, 21] and to the cos(2ϕ+ϕa−ϕb) asymmetry in the Drell-Yan process involving two
transversely polarized protons [22, 23]. In some models, such as the bag model and spectator model, the pretzelocity
distribution is shown to be related to the difference between the helicity distribution and the transversity distribution
of the nucleon [21]. This relation is not expected to hold in the presence of gluonic interactions. In this work, we
analyze the double pT -moment of quark correlators taking into account the gauge link, and show that like the first
moment these can also be separated into a T-even and a T-odd part. The T-even part contains three contributions,
two of them coming from quark-quark-gluon-gluon matrix elements containing two zero momentum gluons, which are
double gluonic pole matrix elements. The coefficients of these matrix elements depend on the gauge link U and are
process dependent, showing that also the T-even pretzelocity PDF h
⊥[U ]
1T (x, p
2
T ) is nonuniversal. We will show that
the pretzelocity function is a combination of universal functions, linked to the three possible T-even matrix elements.
While these three functions themselves are by construction universal, it is a particular combination that appears in a
given process with link dependence in the multiplicative coefficients. The appearance of three pretzelocity functions
is a striking example of how the separation of the correlator into T-even and T-odd contributions is no longer enough
to isolate the process dependent part of the correlator when higher transverse moments are involved. In addition
to this, we will extend the transverse moment analysis to give definitions of universal p2T -dependent functions of a
definite rank. This will be done in general for targets with spin and illustrated for unpolarized, spin 1/2 and spin 1
targets.
II. FORMALISM
A. Starting points
The quark-quark TMD correlator is given by
Φ
[U ]
ij (x, pT ;n) =
∫
d ξ·P d2ξT
(2π)3
eip·ξ〈P |ψj(0)U[0,ξ]ψi(ξ)|P 〉
∣∣∣
ξ·n=0
, (1)
where we use the Sudakov decomposition pµ = xPµ + pµT + σn
µ for the momentum pµ of the produced quark. In this
decomposition, Pµ is the momentum of the incoming hadron, which is in essence the leading light-like direction, while
n is the conjugate light-like direction satisfying P · n = 0. The component σ ∝ p · P along this direction is integrated
over. The nonlocal matrix element Φ
[U ]
ij (x, pT ;n) contains a process dependent gauge link U[0,ξ], connecting the two
fields. The process dependence is in the path of the gauge link. For the two simplest possibilities, the [+] and [−]
gauge links, the gauge link runs from 0 to ξ through plus or minus infinity along n, respectively. This is illustrated in
Fig. 1. More complicated gauge links can arise as well. We refer to Ref. [4] for a detailed description of these gauge
ξT
ξ−
ξT
ξ−
(a) (b)
FIG. 1: The gauge links (a) [+] and (b) [−] running from 0 to ξ with ξ · n = 0. The light-like separation ξ− = ξ · P and the
transverse separation ξT are nonzero.
3links. After integration over transverse momenta, one has the quark-quark collinear correlator,
Φ
[U ]
ij (x) =
∫
d ξ·P
2π
eip·ξ〈P |ψj(0)U
[n]
[0,ξ]ψi(ξ)|P 〉
∣∣∣
ξ·n=0,ξT=0
, (2)
where the gauge link is reduced to a straight-line gauge link or Wilson line, which runs from 0 to ξ along n. Since the
quark-quark correlators cannot be calculated directly, it is common to make a parametrization that contains TMD
or collinear PDFs, respectively. In the TMD case, there are for a spin 1/2 nucleon eight leading contributing terms
in the parametrization of the TMD correlator [24],
Φ[U ](x, pT ;n) =
{
f
[U ]
1 (x, p
2
T
)− f
⊥[U ]
1T (x, p
2
T
)
ǫρσT pTρSTσ
M
+ g
[U ]
1s (x, pT )γ5
+ h
[U ]
1T (x, p
2
T
) γ5 /ST + h
⊥[U ]
1s (x, pT )
γ5 /p
T
M
+ ih
⊥[U ]
1 (x, p
2
T
)
/p
T
M
}
/P
2
, (3)
with the spin vector parametrized as Sµ = SLP
µ + SµT +M
2 SLn
µ and shorthand notations for g
[U ]
1s and h
⊥[U ]
1s ,
g
[U ]
1s (x, pT ) = SLg
[U ]
1L (x, p
2
T
)−
pT · ST
M
g
[U ]
1T (x, p
2
T
). (4)
The TMD distribution functions in this parametrization depend on x and p2
T
= −p2
T
= −|pT |
2. The leading contri-
butions in the correlator all have a /P factor and are distinguished by different azimuthal behavior for the transverse
vectors such as pT and ST . The correlators and the TMD distribution functions in the parametrization also depend
on the gauge link. Time-reversal relates the functions in Φ[U ] to those in Φ[U
t], where U t is the time-reversed gauge
link, which means interchanging the running via light-cone plus or minus infinity. For the functions f⊥1T and h
⊥
1 one
has f
⊥[U ]
1T = −f
⊥[Ut]
1T , a property that is referred to as naive T-odd. Each TMD has either zero, one or two factors
of pT as a prefactor. This will play a role when integrations over transverse momenta are considered. It is actually
useful to use in the parametrization irreducible (symmetric and traceless) tensors in the transverse space,
pα
T
, pαβ
T
= pα
T
pβ
T
−
1
2
p2
T
gαβ
T
, . . . . (5)
Just integrating (without weights) Eq. 3 over transverse momenta, only the contributions without prefactor of pT or
traces survive, yielding
Φ(x) =
{
f1(x) + SLg1(x)γ5 + h1(x) γ5 /ST
}
/P
2
(6)
at the leading twist two level. Here g1(x) is the integrated version of g
[U ]
1L (x, p
2
T
) and h1(x) is the pT -integrated version
of h
[U ]
1 (x, p
2
T
) = h
[U ]
1T (x, p
2
T
) + h
⊥[U ](1)
1T (x, p
2
T
) including a trace term, which involves functions weighted with powers of
−p2
T
/2M2 = p2
T
/2M2, in general
f (n)... (x, p
2
T
) =
(
−p2
T
2M2
)n
f...(x, p
2
T
). (7)
The integrated functions f (n)... (x) are usually referred to as transverse moments, but we will extend this name to
azimuthally averaged functions that still depend on p2
T
. The collinear PDFs in Eq. 6 are independent of the gauge
link U . In other words, all operator definitions of these collinear PDFs have a unique straight-line gauge link.
The behavior of (TMD) PDFs under time-reversal can be studied. The functions f⊥1T and h
⊥
1 are time-reversal odd
(T-odd), while the remaining six functions are time-reversal even (T-even). Similarly, one can look at the behavior
of the matrix element(s) under time-reversal. Using the fact that the simplest gauge links for quark correlators, the
[+] and [−] gauge links, are a time-reversal couple, one can construct T-even and T-odd TMD correlators [2],
Φ(T-even)(x, pT ) =
1
2
(
Φ[+](x, pT )+Φ
[−](x, pT )
)
, (8a)
Φ(T-odd)(x, pT ) =
1
2
(
Φ[+](x, pT )−Φ
[−](x, pT )
)
. (8b)
For the unweighted integrated case the separation between T-even and T-odd objects would be trivial, since the [+]
and [−] gauge links are identical after integration over transverse momentum. As a result, Φ(x) = Φ(T-even)(x) and
Φ(T-odd)(x) = 0. For the transverse momentum weighted case both functions are important. One thus is tempted to
identify the TMD functions f⊥1T and h
⊥
1 to the T-odd correlator and the other TMD functions to the T-even correlator,
in which the T-odd ones acquire process dependence. The situation will turn out to be more complex, which is most
easily demonstrated by looking at transverse momentum weighting.
4(a) (b) (c)
FIG. 2: The correlators (a) ΦA(x − x1, x1|x), (b) ΦA(x|x1, x− x1) and (c) ΦA(x,−x1|x − x1). Note that the diagrams in (b)
and (c) are equal to each other.
B. Single transverse weighting
In the pT -weighted case multiple matrix elements appear, since the transverse weighting gives rise to a derivative
that not only acts on the fields, but on the gauge links as well. Weighting with pα
T
can be rewritten in terms of
two contributions, which upon pT -integration only depend on x and depend on the link just through a gluonic pole
factor [2],
Φ
α[U ]
∂ (x) ≡
∫
d2pT p
α
T
Φ[U ](x, pT ) =
(
ΦαD(x)− Φ
α
A(x)
)
+ πC
[U ]
G Φ
α
G(x)
= Φ˜α∂ (x) + πC
[U ]
G Φ
α
G(x). (9)
The matrix element ΦαG(x) is referred to as the gluonic pole matrix element. All matrix elements are built from multi-
parton twist three operator combinations, illustrated in Fig. 2. The relevant ones in the final result of a calculation
involve gauge-invariant operators iDα
T
and Fnα
T
rather than Aα
T
,
ΦαD ij(x− x1, x1|x) =
∫
dξ·P dη·P
(2π)2
eip1·η+i(p−p1)·ξ〈P |ψj(0)U[0,η] iD
α
T
(η)U[η,ξ]ψi(ξ)|P 〉
∣∣∣
LC
, (10)
ΦαF ij(x− x1, x1|x) =
∫
dξ·P dη·P
(2π)2
eip1·η+i(p−p1)·ξ〈P |ψj(0)U[0,η] F
nα
T
(η)U[η,ξ]ψi(ξ)|P 〉
∣∣∣
LC
. (11)
The matrix elements showing up in Eq. 9 are related to these multi-parton correlators, to be precise we need the
matrix elements
ΦαD(x) =
∫
dx1 Φ
α
D(x − x1, x1|x), (12)
ΦαA(x) ≡
∫
dx1 PV
i
x1
ΦnαF (x− x1, x1|x), (13)
ΦαG(x) = Φ
nα
F (x, 0|x). (14)
By using the Eqs 8a and 8b, one finds that Φ˜α∂ (x) is a T-even matrix element, involving the ΦD and ΦA, the latter
being the principal value integration over a correlator involving the gluon fields defined in a T-invariant way. The
gluonic pole matrix element ΦαG(x), in order to distinct it from ΦF indicated with an index G, is T-odd.
The choice of notation for the arguments of multiparton correlators, where the produced quark and gluon on the
left side of the cut have momentum fractions x− x1 and x1 and the incoming quark on the right side of the cut has
a momentum fraction x, is illustrated in Fig. 2a. Despite the fact that the assignment of momenta in the correlators
in Eqs 10-14 is overdetermined, it has the advantage that it is more transparent in our forthcoming generalization
to higher weightings. Furthermore, because of the absence of T-ordering, one can move a gluon through the cut by
changing the sign of the momentum. Under hermiticity one finds that the correlators in Eq. 14 have the behavior
γ0Φ
†
A(x− x1, x1|x)γ0 = ΦA(x|x1, x− x1).
The weighting with transverse momenta can also be analyzed by studying the parametrization in PDFs. For single
pT -weighting, only PDFs with one prefactor of pT in the parametrization in Eq. 3 survive. T-even PDFs contribute
to the Φ˜α∂ (x) matrix element, while T-odd PDFs contribute to the Φ
α
G(x) matrix element, see Ref. [2] for a detailed
study of this. Since the T-odd matrix element comes with a process dependent prefactor, it can be seen that for single
pT -weighting, the behavior under time-reversal can be used to identify the process dependent parts. In literature, it
has become common to use notations like f
⊥ (SIDIS)
1T or f
⊥ (DY)
1T for these functions. This suggests that there are many
different versions of specific functions, which are obviously not universal, one for each process with a different gauge
5U U [±] U [+] U [] 1
Nc
Trc(U
[])U [+]
Φ[U ] Φ[±] Φ[+] Φ[()+]
C
[U ]
G ±1 3 1
C
[U ]
GG,1 1 9 1
C
[U ]
GG,2 0 0 4
TABLE I: The values of the gluonic pole prefactors for some gauge links needed in the pT -weighted cases.
Note that the value of C
[U ]
G is the same for single and double transverse weighting.
link. In fact there is a universal transverse moment relating all link dependent ones
f
⊥(1)[U ]
1T (x) = C
[U ]
G f
⊥(1)
1T (x). (15)
Although the only difference for the single weighted case is just the numerical prefactor that for simple processes is just
+1 or −1, we will show in the next section that for the double weighted case the situation becomes more complicated
and one actually gains a lot by this different notation. But even for single weighting there is a clear advantage using
Eq. 15, because it states that there is a universal function with calculable process (link) dependent numbers rather
than an infinite number of somehow related functions. For some gauge links, these numbers are shown in Table I.
Here U [] is the Wilson loop U [−]
†
U [+].
C. Double transverse weighting
In order to evaluate the double transverse weighting we need to consider matrix elements like
ΦαβFF (x− x1 − x2, x1, x2|x) =
∫
d ξ·P
2π
d η·P
2π
d η′·P
2π
eix2(η
′·P ) eix1(η·P ) ei(x−x1−x2)(ξ·P )
×〈P, S|ψ(0)U
[n]
[0,η′]F
nα
T
(η′)U
[n]
[η′,η]F
nβ
T
(η)U
[n]
[η,ξ] ψ(ξ)|P, S〉
∣∣∣∣∣
LC
, (16)
among others, where LC indicates that all transverse components and n-components of the coordinates are zero.
Besides this matrix element one needs ΦDF , ΦFD and ΦDD as well as bilocal matrix elements, obtained by direct
or principal value integrations over these matrix elements (as in the case of single transverse momentum weighting)
or gluonic pole matrix elements, where x1 or x2 or both are zero. Explicitly, the matrix elements are discussed in
Appendix A.
The actual weighting of the gauge link dependent TMD correlator Φ[U ](x, pT ) gives
Φ
{αβ} [U ]
∂∂ (x) ≡
∫
d2pT p
{α
T p
β}
T Φ
[U ](x, p2
T
)
= Φ˜
{αβ}
∂∂ (x) + πC
[U ]
G
(
Φ˜
{αβ}
∂G (x) + Φ˜
{αβ}
G∂ (x)
)
+
∑
c
π2C
[U ]
GG,cΦ
{αβ}
GG,c(x)
= Φ˜
{αβ}
∂∂ (x) + πC
[U ]
G
(
Φ˜
{αβ}
∂G (x) + Φ˜
{αβ}
G∂ (x)
)
+ π2C
[U ]
GG,1Φ
{αβ}
GG,1(x) + π
2C
[U ]
GG,2Φ
{αβ}
GG,2(x). (17)
For the correlators containing two (or more) gluon fields like the one in Eq. 16, one must distinguish the different
color structures for the correlator, hence a summation over the color structures c. For double weighting, there are in
the double gluonic pole part two possible color structures related to the appearance of the color traced Wilson loop
1
Nc
Trc(U
[]). The differences between the two different correlators Φ
{αβ}
GG,c(x) are made explicit in Appendix A. Just
as for the single weighted case in Eq. 9, the structures Φ˜... with one or more partial derivatives denote differences
between correlators with a covariant derivative minus a correlator with a principal value integration, e.g. Φ˜
{αβ}
∂G (x) =
Φ
{αβ}
DG (x)−Φ
{αβ}
AG (x). For completeness, they are given in Appendix A. Since the weighting is done with the symmetric
combination, we have symmetrized in the indices, which should not influence the result. We also omitted the Dirac
indices on the fields. The precise form of all correlators in terms of matrix elements can be found in Appendix A.
6The only leading twist TMD PDF that contributes is the pretzelocity h
⊥[U ]
1T (x, p
2
T
). Since this function is T-even,
its (double) transverse moment could be associated with both the matrix elements Φ˜
{αβ}
∂∂ (x) and π
2Φ
{αβ}
GG,c(x). The
gluonic pole matrix elements come with gauge link dependent prefactors, so the pretzelocity function as it has been
defined in literature up to now is not universal. The double gluonic pole factor gives the gauge link dependence and
one must identify the gauge link dependent function as the sum of three functions,
h
⊥(2)[U ]
1T (x) = h
⊥(2)(A)
1T (x) + C
[U ]
GG,1h
⊥(2)(B1)
1T (x) + C
[U ]
GG,2h
⊥(2)(B2)
1T (x), (18)
where the functions h
⊥(2)(A)
1T (x), h
⊥(2)(B1)
1T (x) and h
⊥(2)(B2)
1T (x) are universal. For simple processes like SIDIS and
Drell-Yan with CGG,1 = 1 and CGG,2 = 0 one finds just the sum of two pretzelocity functions. For processes with
a more complicated gauge link structure, other combinations involving three functions will appear, as can be seen
in Table I. The double-weighted results also show that for higher transverse moments, and hence also for the full
pT -dependent treatment, a separation in T-odd and T-even functions is no longer sufficient to isolate the process
dependent parts.
III. DEFINING TMDS
For the definition of a TMD correlator parametrized in terms of PDFs (or PFFs) depending on the collinear
fraction x and transverse momentum pT it is important to keep in mind the role of x and pT . These are identified
with kinematic variables in a high-energy scattering process. This is most well-known for x, which in a SIDIS process
is identified with the Bjorken scaling variable. In the same way the transverse momentum can be identified, e.g. from
the noncollinearity of produced hadrons or from jet-jet asymmetries, even if for transverse momenta the identification
is usually contained in a folding of transverse momenta of several hadron correlators. So for purposes of further
analyzing we assume that we know that a hadron correlator depends on ‘measurable’ x and pT . When including the
additional collinear gluons producing the gauge link, pT is the sum of all transverse momenta of the partons exchanged
between the (soft) hadron correlator and the hard process. This requires integration over the transverse momenta of
collinear gluons.
The leading relevant TMD operator structure for our considerations thus will be of the generic bilocal form
Φ[U ](x, pT ;n) =
∫
dξ·P d2ξT
(2π)3
eip·ξ 〈P |ψ(0)U[0,ξ]O(ξ)ψ(ξ)|P 〉
∣∣∣∣
ξ·n=0
, (19)
where U is one of the possible gauge links for TMD correlators. We can define in this way Φ˜α∂ (x, pT ) = Φ
α
D(x, pT ) −
ΦαA(x, pT ), as well as correlators Φ
αβ
DD, Φ
αβ
DA, . . . , Φ˜
αβ
∂∂ , Φ˜
αβ
∂G, . . . ,Φ
αβ
GG, where one in particular for ΦGG must take care
of the color structure.
Our identification of operator structures and TMD functions in the parametrization of correlators depends on the
comparison of moments in x and pT , even if such moments in real life are limited by kinematics of the process. This is
well-known, but nontrivial, for the collinear dependence, where the moments can be related to local matrix elements of
quark and gluon fields. All these operators have the same twist (canonical dimension minus rank of Lorentz indices),
which means they contribute at the same order of the hard scale. The xN−1 Mellin moments correspond to expectation
values of leading twist operators of rank N . These local matrix elements have a calculable scale dependence governed
by the anomalous dimension of the local operator. The scale is usually identified with the kinematic limit such as
the exchanged momentum Q2 in SIDIS. The x-dependent functions can be reconstructed from the Mellin moments.
Their scale dependence then is obtained by folding them with splitting functions, of which the Mellin moments are
precisely the anomalous dimensions.
A. TMDs of definite rank
For the pT -dependent functions we follow a similar procedure. An expansion of TMDs involves the symmetric
traceless tensors pα1...αm
T
of rank m. These traceless tensors satisfy∫
d2pT p
α1...αm
T
pT i1...im f...(x, p
2
T
) ∝ f (m)... (x). (20)
Actually, it is sufficient and for our purposes desirable to integrate only the azimuthal part,∫
dϕp
2π
pα1...αm
T
pTi1...im f...(x, p
2
T
) ∝ f (m)... (x, p
2
T
). (21)
7The r.h.s. of these equations contain the transverse moments f (m) defined in Eq. 7 as well as constant tensors without
azimuthal dependence. Writing the following parametrization,
Φ[U ](x, pT ) = Φ(x, p
2
T
) + πC
[U ]
G
pTi
M
ΦiG(x, p
2
T
) + π2C
[U ]
GG,c
pT ij
M2
ΦijGG,c(x, p
2
T
) + π3C
[U ]
GGG,c
pT ijk
M3
ΦijkGGG,c(x, p
2
T
) + . . .
+
pT i
M
Φ˜i∂(x, p
2
T
) + πC
[U ]
G
pTij
M2
Φ˜ ij{∂G}(x, p
2
T
) + π2C
[U ]
GG,c
pT ijk
M3
Φ˜ ijk{∂GG},c(x, p
2
T
) + . . .
+
pT ij
M2
Φ˜ij∂∂(x, p
2
T
) + πC
[U ]
G
pTijk
M3
Φ˜ ijk{∂∂G}(x, p
2
T
) + . . .
+
pT ijk
M3
Φ˜ ijk∂∂∂(x, p
2
T
) + . . . , (22)
we reproduce the moments. Note that in Eq. 22 depending on the gauge link there are multiple contributing color
structures for terms with two or more gluonic pole terms, hence the inclusion of the summation over these color struc-
tures c. For the collinear correlators ΦijGG,c(x) this is discussed in Appendix A, for the TMD correlator Φ
ij
GG,c(x, p
2
T
) it
is discussed in Appendix B. The operator structures on the r.h.s. thus are the ones appearing in an angular expansion,
in which the azimuthal dependence is made explicit. The combinations like Φ˜{∂G} indicate symmetrized combinations
Φ˜{∂G} = Φ˜∂G + Φ˜G∂ . Upon ϕ-integration only the structure Φ(x, p
2
T
) survives. Hence, we identify this as the rank
zero TMD correlator,
Φ(x, p2
T
) =
{
f1(x, p
2
T
) + SL g1(x, p
2
T
)γ5 + h1(x, p
2
T
)γ5 /ST
}
/P
2
, (23)
where the TMD correlator h1(x, p
2
T
) rather than h1T (x, p
2
T
) appears (see also the remark following Eq. 6). Next, we
look at the weighted expressions before pT -integration in order to explicitly identify further TMD functions,
pα
T
M
Φ[U ](x, pT ) =
pα
T
M
Φ(x, p2
T
)− Φ˜
α(1)
∂ (x, p
2
T
)− πC
[U ]
G Φ
α(1)
G (x, p
2
T
)
+
p α
T i
M2
Φ˜i∂(x, p
2
T
) + πC
[U ]
G
p α
T i
M2
ΦiG(x, p
2
T
) + . . . . (24)
The first term is obviously a term that needs to be there because we already identified a nonzero rank 0 TMD
correlator. The next two terms involve the T-even and T-odd transverse moments of Φ˜α∂ (x, p
2
T
) and ΦαG(x, p
2
T
),
respectively, which survive ϕ-integration. The other terms in Eq. 24 contain higher rank tensors in pT . Comparing
the unintegrated expression with the parametrization for a spin 1/2 target one thus immediately identifies in addition
to the rank 0 correlator in Eq. 23 two rank one TMD correlators,
pT i
M
Φ˜i∂(x, p
2
T
) =
{
h⊥1L(x, p
2
T
)SL
γ5 /p
T
M
− g1T (x, p
2
T
)
pT ·ST
M
γ5
}
/P
2
, (25)
pT i
M
ΦiG(x, p
2
T
) =
1
π
{
− f⊥1T (x, p
2
T
)
ǫρσT pTρSTσ
M
+ ih⊥1 (x, p
2
T
)
/p
T
M
}
/P
2
, (26)
the first one being T-even, the second one T-odd.
Before going to double weighting, it is useful to realize that in Eq. 22 one does not need to subtract trace terms
from the second rank correlators. This is automatic because of the use of the tensor pαβT . We can write
pT ij
M2
Φ˜ ij{∂G} =
(
pTipTj
M2
−
p2
T
2M2
gTij
)
Φ˜ ij{∂G} =
pT ipTj
M2
Φ˜ ij{∂G} + Φ˜
(1)
{∂·G} =
pT ipTj
M2
(
Φ˜ ij{∂G}−
1
2
gij
T
Φ˜{∂·G}
)
. (27)
In Eq. 27 we introduced the notation ∂·G in the subscript of one of the correlators to indicate that these two operators
in this correlator have been contracted. Also for double pT -weighting we write down (selected contributions in) the
unintegrated result starting with Eq. 22. We find for the double weighted result,
pα
T
pβT
M2
Φ[U ](x, pT ) =
pα
T
pβT
M2
Φ(x, p2
T
)−
1
2
gαβ
T
pT i
M
Φ˜
i(1)
∂ (x, p
2
T
)−
1
2
πC
[U ]
G g
αβ
T
pTi
M
Φ
i(1)
G (x, p
2
T
)
−
1
2M
p
{α
T Φ˜
β}(1)
∂ (x, p
2
T
)− πC
[U ]
G
1
2M
p
{α
T Φ
β}(1)
G (x, p
2
T
) + . . .
+ Φ˜
αβ(2)
∂∂ (x, p
2
T
) + πC
[U ]
G Φ˜
αβ(2)
{∂G} (x, p
2
T
) + π2C
[U ]
GG,cΦ
αβ(2)
GG,c (x, p
2
T
) + . . .
−
1
2
gαβ
T
(
Φ˜
(2)
∂·∂(x, p
2
T
) + πC
[U ]
G Φ˜
(2)
{∂·G}(x, p
2
T
) + π2C
[U ]
GG,cΦ
(2)
G·G,c(x, p
2
T
)
)
+ . . . , (28)
8an equation that after symmetrizing in α and β can be used to identify the remaining TMDs for a spin 1/2 target. We
have omitted terms with rank 1 tensors in pT multiplying Φ˜
αβi
∂∂∂ , etc., as well as terms with rank 3 or rank 4 tensors
like pαβ
T i and p
αβ
T ij . The last line in Eq. 28, containing terms that arise by contraction of the indices i and j in the
explicit rewriting of the product pα
T
pβTpTij through the contribution g
αβ
T gTij , is included for completeness. Note that
taking the trace − 12gTαβ gives
−
p2
T
2M2
Φ[U ](x, pT ) = Φ
(1)(x, p2
T
) +
pT i
M
Φ˜
i(1)
∂ (x, p
2
T
) + πC
[U ]
G
pT i
M
Φ
i(1)
G (x, p
2
T
)
−
1
2
Φ˜
(2)
∂·∂(x, p
2
T
)−
1
2
πC
[U ]
G Φ˜
(2)
{∂·G}(x, p
2
T
)−
1
2
π2C
[U ]
GG,cΦ
(2)
G·G,c(x, p
2
T
) + . . .
+
(
Φ˜
(2)
∂·∂(x, p
2
T
) + πC
[U ]
G Φ˜
(2)
{∂·G}(x, p
2
T
) + π2C
[U ]
GG,c Φ
(2)
G·G,c(x, p
2
T
)
)
+ . . . , (29)
where the terms between brackets come from the correlators with contracted operators in Eq. 28. This shows that
pαβT
M2
Φ[U ](x, pT ) =
pαβT
M2
Φ(x, p2
T
)
−
1
2M
(
p
{α
T Φ˜
β}(1)
∂ (x, p
2
T
)− trace
)
−
1
2M
πC
[U ]
G
(
p
{α
T Φ
β}(1)
G (x, p
2
T
)− trace
)
+ . . .
+
(
Φ˜
αβ(2)
∂∂ (x, p
2
T
)− traces
)
+ πC
[U ]
G
(
Φ˜
αβ(2)
{∂G} (x, p
2
T
)− traces
)
+ π2C
[U ]
GG,c
(
Φ
αβ(2)
GG,c (x, p
2
T
)− tracesc
)
+ . . . , (30)
illustrating how the projection with the properly symmetrized traceless second rank tensor pαβT gives the properly
symmetrized traceless TMD structures. The terms without azimuthal dependence are identified with the rank two
TMD correlators, which for a spin 1/2 target are parametrized as
pTij
M2
Φ˜ij∂∂(x, p
2
T
) = h
⊥(A)
1T (x, p
2
T
)
pT ijS
i
T
γ5γ
j
T
M2
/P
2
, (31)
pTij
M2
ΦijGG,1(x, p
2
T
) =
1
π2
h
⊥(B1)
1T (x, p
2
T
)
pTijS
i
T
γ5γ
j
T
M2
/P
2
, (32)
pTij
M2
ΦijGG,2(x, p
2
T
) =
1
π2
h
⊥(B2)
1T (x, p
2
T
)
pTijS
i
T
γ5γ
j
T
M2
/P
2
, (33)
pTij
M2
Φ˜ij{∂G}(x, p
2
T
) = 0. (34)
The last TMD correlator in these equations is a T-odd rank 2 TMD correlator, which is not present for a spin 1/2
target. The result can also be summarized as the existence of three universal pretzelocity functions h
⊥(A)
1T , h
⊥(B1)
1T and
h
⊥(B2)
1T and a gauge link dependence given by
h
⊥[U ]
1T (x, p
2
T
) = h
⊥(A)
1T (x, p
2
T
) + C
[U ]
GG,1 h
⊥(B1)
1T (x, p
2
T
) + C
[U ]
GG,2 h
⊥(B2)
1T (x, p
2
T
). (35)
This shows e.g. that h
⊥[SIDIS]
1T (x, p
2
T
) = h
⊥[DY]
1T (x, p
2
T
), but that for other processes (with more complicated gauge links)
other combinations of the three possible pretzelocity functions occur. In asymmetries involving pαβT -moments of the
quark TMD correlator contributions from all four correlators can appear. In particular we find for a transversely
polarized spin 1/2 target three pretzelocity functions, as was already established in Eq. 18. For a spin 1/2 target our
treatment is complete, since there are no higher rank TMD correlators such as pTijkΦ˜
ijk
∂∂∂(x, p
2
T
). In the case of a spin
1/2 target the pretzelocity TMD functions h
⊥(B2)
1T actually was referred to as junk TMD in Ref. [8].
We want to summarize our results in this section in tabular form. We first represent the contributions in Eq. 22 in
Table II. The assignment of the TMD PDFs for an unpolarized and polarized spin 1/2 target has been discussed in
this section and is summarized in Tables III and IV. For the corresponding fragmentation functions the assignments
are different, since gluonic pole matrix elements vanish in that case [15–17] and all functions are assigned to Φ˜∂...∂
operator structures. The assignments thus are as in Tables V and VI. The T-odd TMD PFFs (such as the Collins
function H⊥1 ) are due to the fact that the definitions of fragmentation functions involve non-plane wave states or
equivalently a hadronic number operator, which are not invariant under time-reversal. There, thus, is only a single
(T-even) function H⊥1T (z, k
2
T
) appearing in the parametrization of the correlator ∆αβ∂∂ (x, p
2
T
).
9GLUONIC POLE RANK
0 1 2 3
Φ(x, p2T ) piC
[U ]
G ΦG pi
2C
[U ]
GG,c ΦGG,c pi
3C
[U ]
GGG,c ΦGGG,c
Φ˜∂ piC
[U ]
G Φ˜{∂G} pi
2C
[U ]
GG,c Φ˜{∂GG},c . . .
Φ˜∂∂ piC
[U ]
G Φ˜{∂∂G} . . . . . .
Φ˜∂∂∂ . . . . . . . . .
TABLE II: The contributions in the TMD correlator for correlators ordered in columns according to the
number of gluonic poles (G) and ordered in rows according to the number of contributing partial derivatives
(∂ = D−A). The rank of these operators is equal to the sum of these numbers. Their twist is equal to the
rank + 2.
PDFs FOR SPIN 0 HADRONS
f1 h
⊥
1
TABLE III: The assignment of TMD PDFs for
a spin 0 or unpolarized target to the quark cor-
relators as given in Table II involve at most rank
1 TMD correlators. There is no T-even function
corresponding to Φ˜i∂ .
PDFs FOR SPIN 1/2 HADRONS
g1, h1 f⊥1T h
⊥(B1)
1T , h
⊥(B2)
1T
g1T , h
⊥
1L
h
⊥(A)
1T
TABLE IV: The assignment of TMD PDFs for
a polarized spin 1/2 target to the quark corre-
lators as given in Table II involve at most rank
1 TMD correlators for longitudinal polarization,
while they involve also rank 2 TMD correlators
for a transversely polarized spin 1/2 target.
PFFs FOR SPIN 0 HADRONS
D1
H⊥1
TABLE V: The operator structure of quark
TMD PFFs for spin 0 or unpolarized hadrons.
All gluonic pole matrix elements vanish.
PFFs FOR SPIN 1/2 HADRONS
G1, H1
G1T , H
⊥
1L, D
⊥
1T
H⊥1T
TABLE VI: The operator structure of quark
TMD PFFs for polarized spin 1/2 hadrons. Glu-
onic pole matrix elements vanish.
B. Results for spin 1 hadrons
Extension to higher spin targets is straightforward. We illustrate this by giving in Table VII the assignments for
spin 1 tensor polarized TMD functions. These were first given in Ref. [25]. The (slightly updated) parametrization
of the TMD correlator for the TMD PDFs for a tensor polarized target are given in Appendix C as well as the
parametrization of the TMD PFFs in Appendix D. From these tensor polarized spin 1 contributions, the f
[U ]
1TT (x, p
2
T
)
and h
⊥[U ]
1TT (x, p
2
T
) can be written as a combination of multiple universal PDFs, multiplied with process dependent
gluonic pole factors,
f
[U ]
1TT (x, p
2
T
) = f
(A)
1TT (x, p
2
T
) + C
[U ]
GG,c f
(Bc)
1TT (x, p
2
T
), (36)
h
⊥[U ]
1TT (x, p
2
T
) = C
[U ]
G h
⊥(A)
1TT (x, p
2
T
) + C
[U ]
GGG,c h
⊥(Bc)
1TT (x, p
2
T
). (37)
Note that the h
⊥[U ]
1TT (x, p
2
T
) is a rank 3 object, for which all contributing universal functions are multiplied with a
process dependent prefactor. A special case is the T-odd TMD PDF h1LT , which is forbidden because of time-reversal
invariance. Following Ref. [25], this rank 0 TMD PDF is defined as the combination h1LT (x, p
2
T
) = h′1LT (x, p
2
T
) +
h
⊥(1)
1LT (x, p
2
T
) and is shown as the wiped-out function in Table VII. It shows a nice feature of our TMD functions of
definite rank. In the first column only T-even TMD PDFs are allowed, in the second column only T-odd ones, etc. The
first victim of the application of time-reversal invariance for leading quark TMDs, thus, is h1LT (x, p
2
T
), a (T-forbidden)
transversely polarized quark distribution function in a tensor polarized hadron. Note that the rank 2, T-odd function
h⊥1LT (x, p
2
T
) is allowed. The only rank 0 function for a tensor polarized spin 1 target thus is f1LL(x, p
2
T
), introduced
as the distribution b1 in Ref. [26].
For fragmentation functions, gluonic pole contributions all vanish and only the first column survives. The
parametrization of the higher rank correlators contain the T-even and T-odd TMD fragmentation functions. The
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PDFs FOR TENSOR POLARIZED SPIN 1 HADRONS
f1LL,✘✘❳❳h1LT h
⊥
1LL, g1LT , h1TT f
(Bc)
1TT h
⊥(Bc)
1TT
f1LT h
⊥
1LT , g1TT
f
(A)
1TT h
⊥(A)
1TT
TABLE VII: The operator assignments of TMD PDFs for a tensor polarized spin 1 target require operator
structures up to rank 3. There are several different functions f1TT (x, p
2
T ) and h
⊥
1TT (x, p
2
T ).
PFFs FOR TENSOR POLARIZED SPIN 1 HADRONS
D1LL, H1LT
D1LT , H
⊥
1LL, G1LT , H1TT
D1TT , H
⊥
1LT , G1TT
H⊥1TT
TABLE VIII: The operator structure of TMD PFFs for a tensor polarized spin 1 target requires operator
structures up to rank 3.
fragmentation functions describing fragmentation into a tensor polarized hadron are given in Table VIII.
C. Bessel weights
We note that the TMDs f (m)(x, p2
T
) of a given rank do not contain operators of definite twist. This is only
true for transverse moments f (m)... (x) after pT -integration. The TMD correlators of definite rank appearing in the
parametrization in Eq. 22 only are integrated over azimuthal directions. The rank just refers to the azimuthal
dependence of the correlators in the full correlator Φ[U ](x, pT ).
Using that for a given rank m, there are two independent combinations pi1...im
T
∝ |pT |
m exp(±imϕp), it is equivalent
to consider
pTi1...im
Mm
Φ˜i1...im... (x, p
2
T
) or Φ˜(m/2)... (x, p
2
T
) eimϕp , (38)
where Φ˜(m/2)... (x, p
2
T
) = (−p2
T
/2M2)m/2 Φ˜...(x, p
2
T
) assures the appropriate small pT -behavior. A suitable normalization
of the correlator has to assure that Φ˜(m)... (x, p
2
T
) reproduces the collinear transverse moments upon integration,
Φ˜(m)... (x) =
∫ ∞
0
2π|pT | d|pT | Φ˜
(m)
... (x, p
2
T
). (39)
Knowing the correlators in Eq. 38 to be Fourier transforms of nonlocal matrix elements in transverse space, it is
natural to write the appropriately weighted TMD PDF in their parametrization as a Bessel transform,
f˜ (m/2)... (x, |pT |) =
∫ ∞
0
db
√
|pT |b Jm(|pT |b) f
(m/2)
... (x, b), (40)
such that f (m/2)... (x, b) exp(imϕb) is the (two-dimensional) Fourier transform of f˜
(m/2)
... (x, |pT |) exp(imϕp). Bessel
weightings are extensively studied in Ref. [27].
Bessel weighting may also offer a convenient way to incorporate the soft factor which usually is given in b-space [28].
This factor has been omitted from Eq. 19. Our decomposition in Eq. 22, however, can always be written down, but
the Φ...(x, p
2
T
) will be modified by the inclusion of the soft factor.
IV. CONCLUSIONS
In Eq. 22 we have presented a parametrization for TMD quark correlators that distinguishes different azimuthal
dependences. For this we write down an expansion in terms of irreducible tensors in the transverse momentum
multiplied with correlators depending on x and p2
T
. These correlators contain tensors describing the polarization of
the target and TMD functions depending on x and p2
T
. The rank of the irreducible tensors in transverse momentum
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space also defines the rank of the correlators and TMD functions multiplying this tensor. The field theoretical
expression for the quark correlator basically has two quark fields connected by a gauge link. The operator structure
of the TMD correlators of a definite rank contain Dirac gamma matrices, derivatives or gauge fields with transverse
indices in color gauge-invariant combinations and a definite rank. They are structured in a similar way as higher
twist operators in the collinear case. Each independent operator combination defines a particular TMD function. For
leading twist operators the relevant ‘transverse’ operators are either gluonic pole (G) or partial derivative (∂ = D−A)
or combinations thereof. A special feature of these operator combinations of definite rank is that they are either T-
even or T-odd after extraction of a gluonic pole factor without having to perform weighting and integration over
transverse momentum.
Using the parametrization of TMD correlators in Eq. 22, one finds that rank 0 and rank 1 contributions are similar
to previously used definitions for T-even and T-odd contributions, such as e.g. obtained by combining ‘opposite’ gauge
links in Eq. 8. Just as the collinear transverse moments, these TMD functions are universal functions, multiplied
with a process dependent prefactor, rather than nonuniversal gauge link dependent functions. By explicitly and
systematically looking at all contributing functions, one finds for an unpolarized target two TMD quark correlators,
the first being of rank 0, containing the TMD PDF f1(x, p
2
T
). Looking at the operator structure, it is interpreted
as the momentum distribution of quarks. The second unpolarized TMD correlator is a T-odd gluonic pole matrix
element of rank 1. It contains the Boer-Mulders TMD PDF h⊥1 (x, p
2
T
).
For a polarized spin 1/2 target there are an additional eight TMD correlators, containing rank 0, rank 1 and rank 2
contributions. The two rank 0 correlators contain the TMD PDFs that are interpreted as the well-known polarized spin
distribution functions in longitudinally or transversely polarized targets. For a longitudinally polarized target, there is
a T-even rank 1 TMD correlator Φ˜∂(x, p
2
T
) containing the worm gear function h⊥1L(x, p
2
T
). For a transversely polarized
target, there exist one T-even TMD correlator Φ˜∂(x, p
2
T
) and a T-odd rank 1 TMD correlator ΦG(x, p
2
T
) containing
the worm gear function g1T (x, p
2
T
) and the Sivers function f⊥1T (x, p
2
T
), respectively. The three TMD correlators of
rank 2 appear in the T-even correlator Φ˜∂∂(x, p
2
T
) and the two T-even double gluonic pole correlators ΦGG,c(x, p
2
T
),
giving rise to the pretzelocity functions h
⊥(A)
1T (x, p
2
T
), h
⊥(B1)
1T (x, p
2
T
) and h
⊥(B2)
1T (x, p
2
T
). These functions in general both
show up in particular azimuthal asymmetries but with gauge link dependent prefactors, where the gauge link in turn
depends on the process. As for the functions themselves and in particular their interpretation, the function h
⊥(A)
1T is
related to the quark structure of a nucleon, while the functions h
⊥(Bc)
1T are the ones involving quark-gluon correlations.
For a spin 1 target one finds apart from the above mentioned TMD correlators additional correlators because one
also has the possibility of tensor polarization. The full list of TMDs has been given in Table VII, including rank 3
contributions coming with process dependent prefactors. Rank 3 contributions like this are specific for targets with
spin 1 or higher.
The procedure for defining universal TMD correlators of definite rank can be extended to gluon TMDs and to
higher twist situations. The extension to gluon TMDs will be presented in a forthcoming publication. The situation
for higher twist TMDs is complicated by the fact that the lowest twist operators that contribute to the TMDs not
only contain two quark fields or two gluon fields, but they also contain additional (gluon) operators with transverse
directions, Dα
T
and Fnα
T
, no longer in the combination ∂α
T
.
As a final advantage of the universal TMD correlators we mention that, although their nonlocal operator structure
is of the form in Eq. 19 with a particular gauge link U , the TMD correlators of definite rank have definite T-behavior
(even or odd) and are independent of the gauge link. The U -dependence is in the gluonic pole factors and the color
structure of the operator combination. Thus one can study the universal TMD correlators, for instance in lattice
calculations, by using just the sum and difference of the simplest U [+] and U [−] staple links.
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Appendix A: Double weighted collinear matrix elements
Double pT -weighting is worked out in the same way as the single weighting. In evaluating the weighting one can
actually choose the derivatives to work on ξ or 0 or mix these, but that does not matter for the final answer. Since
we just are interested in the general structure, we work with the multi-parton element with all gluons on the left side
of the cut. For the gauge link U
[+]
[0,ξ] we note that (writing only the relevant pieces of the matrix elements) [31]
i∂α
T
U
[+]
[0,ξ] = U
[n]
[0,∞] i∂
α
T
UT[0T ,ξT ] U
[n]
[∞,ξ] = U
[n]
[0,∞] U
T
[0T ,ξT ]
iDα
T
U
[n]
[∞,ξ], (A1)
which is then further evaluated using
iDα
T
U
[n]
[∞,ξ] . . . ψ(ξ) = U
[n]
[∞,ξ]
(
iDα
T
(ξ)−Aα
T
(ξ) + πG˜nα(ξ)
)
. . . ψ(ξ). (A2)
The Aα
T
(ξ) and πG˜nα(ξ) are defined as
Aα
T
(ξ) =
1
2
∫ ∞
−∞
dη·P ǫ(ξ·P − η·P )U
[n]
[ξ,η]G
nα(η)U
[n]
[η,ξ], (A3)
πG˜nα(ξ) =
1
2
∫ ∞
−∞
dη·P U
[n]
[ξ,η]G
nα(η)U
[n]
[η,ξ], (A4)
with ǫ(ζ) being the sign function taking the values 1, −1 and 0. Note that G˜nα(ξ) = G˜nα(ξ·P, ξT ) does not depend on
ξ·n. The above described method for calculating the structure of the matrix elements for a single transverse weighting
can be extended to higher transverse weightings by repeated application of Eq. A2. For example, for the U [+] gauge
link this implies
iDα
T
iDβ
T
U
[n]
[∞,ξ] . . . ψ(ξ)
= U
[n]
[∞,ξ]
((
iDα
T
(ξ)−Aα
T
(ξ)
)(
iDβ
T
(ξ)−Aβ
T
(ξ)
))
. . . ψ(ξ) + U
[n]
[∞,ξ]
(
πG˜nα(ξ)πG˜nβ(ξ)
)
. . . ψ(ξ)
+ U
[n]
[∞,ξ]
(
πG˜nα(ξ)
(
iDβ
T
(ξ)−Aβ
T
(ξ)
))
. . . ψ(ξ) + U
[n]
[∞,ξ]
((
iDα
T
(ξ) −Aα
T
(ξ)
)
πG˜nβ(ξ)
)
. . . ψ(ξ).
(A5)
After integration over pT the resulting correlators can be rewritten in terms of color gauge-invariant multi-parton
correlators as was done for the single weighting. In this case one needs the correlators of the form
ΦαβO1O2(x− x1 − x2, x1, x2|x) =
∫
d ξ·P
2π
d η·P
2π
d η′·P
2π
eix2(η
′·P )eix1(η·P )ei(x−x1−x2)(ξ·P )
×〈P, S|ψ(0)U
[n]
[0,η′]O
α
1 T (η
′)U
[n]
[η′,η]O
β
2 T (η)U
[n]
[η,ξ]ψ(ξ)|P, S〉⌋LC , (A6)
with Oα1 T and O
α
2 T hermitian operators like iD
α
T
and/or Fnα
T
. In general more than one color structure is possible.
As an example, for the operator combination ψFFψ, one can have the two distinct color configurations
c = 1 : Trc
[
FFψψ
]
= ψFFψ = ψrF rs
′
F s
′sψs, (A7)
c = 2 : Trc [FF ] Trc
[
ψψ
]
= ψψTrc [FF ] = ψ
rψrF ss
′
F s
′s. (A8)
An example of a correlator one needs is
ΦαβDD(x) =
∫
d ξ·P
2π
eix(ξ·P )〈P, S|ψ(0)U
[n]
[0,ξ]iD
α
T
(ξ)iDβ
T
(ξ)ψ(ξ)|P, S〉⌋LC
=
∫
dx1 dx2 Φ
αβ
DD(x− x1 − x2, x1, x2|x). (A9)
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Other correlators involving Aα
T
(ξ) or πG˜nα
T
(ξ), given in Eqs A3 and A4, are given by
ΦαβAA(x) =
∫
dx1 PV
i
x1
∫
dx2 PV
i
x2
ΦαβFF (x− x1 − x2, x1, x2|x), (A10)
ΦαβAD(x) =
∫
dx1dx2 PV
i
x1
ΦαβFD(x− x1 − x2, x1, x2|x), (A11)
ΦαβDA(x) =
∫
dx1dx2 PV
i
x2
ΦαβDF (x− x1 − x2, x1, x2|x), (A12)
ΦαβGD(x) =
∫
dx2Φ
αβ
FD(x − x2, 0, x2|x), (A13)
ΦαβDG(x) =
∫
dx1Φ
αβ
DF (x − x1, x1, 0|x), (A14)
ΦαβGA(x) =
∫
dx2 PV
i
x2
ΦαβFF (x− x2, 0, x2|x), (A15)
ΦαβAG(x) =
∫
dx1 PV
i
x1
ΦαβFF (x− x1, x1, 0|x), (A16)
ΦαβGG,c(x) = Φ
αβ
FF,c(x, 0, 0|x). (A17)
Using for the correlators, just as for the single weighted case, the notation Φ˜∂... for the correlators with covariant
derivative minus a correlator with a principal value integration (iDT −AT ), implies
Φ˜αβ∂∂ (x) = Φ
αβ
DD(x)− Φ
αβ
DA(x)− Φ
αβ
AD(x) + Φ
αβ
AA(x), (A18)
Φ˜αβ∂G(x) = Φ
αβ
DG(x)− Φ
αβ
AG(x), (A19)
Φ˜αβG∂(x) = Φ
αβ
GD(x)− Φ
αβ
GA(x). (A20)
The second transverse moment in terms of the collinear functions then is (symmetrizing in α and β)∫
d2pT p
{α
T p
β}
T Φ
[+](x, pT ) = Φ˜
{αβ}
∂∂ (x) + π Φ˜
{αβ}
∂G (x) + π Φ˜
{αβ}
G∂ (x) + π
2 Φ
{αβ}
GG,1(x), (A21)
which is the result given in Eq. 17 with C
[+]
G = 1, C
[+]
GG,1 = 1 and C
[+]
GG,2 = 0. For other gauge link structures, similar
calculations can be performed.
Appendix B: Double weighted TMD matrix elements
The leading relevant TMD operator structure for our considerations referred to in Eq. 19 is bilocal,
Φ[U ](x, pT ;n) =
∫
dξ·P d2ξT
(2π)3
eip·ξ 〈P |ψ(0)U[0,ξ]O(ξ)|P 〉
∣∣∣∣
ξ·n=0
. (B1)
The nonlocality, however, involves a transverse separation, hence the gauge link U[0,ξ] in general can be complicated.
For the two cases c = 1, 2 one now finds for the gauge link U
[()+]
[0,ξ] the nonlocal structures
c = 1 : Trc
[
U
[()+]
[0,ξ] G˜(ξ) G˜(ξ)ψ(ξ)ψ(0)
]
= ψ(0)U
[()+]
[0,ξ] G˜(ξ)G˜(ξ)ψ(ξ), (B2)
c = 2 : Trc
[
U
[]
[0,ξ]G˜(ξ)G˜(ξ)
]
Trc
[
U
[+]
[0,ξ] ψ(ξ)ψ(0)
]
= ψ(0)U
[+]
[0,ξ] ψ(ξ)Trc
[
U
[+]
[0,ξ]G˜(ξ)G˜(ξ)U
[−]†
[ξ,0]
]
. (B3)
Appendix C: Parametrization of the spin 1 distribution correlator
The parametrization of a distribution correlator for a spin 1 hadron was first given in Ref. [25] and is given by
Φ(x, pT ) = ΦU (x, pT ) + ΦL(x, pT ) + ΦT (x, pT ) + ΦLL(x, pT ) + ΦLT (x, pT ) + ΦTT (x, pT ), (C1)
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where the contributions ΦU (x, pT ), ΦL(x, pT ) and ΦT (x, pT ) are parametrized in the same way as those contributions
in the correlators that describe an unpolarized, longitudinally or transversely polarized spin 1/2 particle, given in
Eq. 3 using the notation of Ref. [24]. We update the parametrization for the remaining correlators contributing for
spin 1 particles, using the same TMD PDFs as in Ref. [25]. This leads for the leading twist TMDs to
ΦLL(x, pT ) =
{
f1LL(x, p
2
T
)SLL + ih
⊥
1LL(x, p
2
T
)SLL
/p
T
M
}
/P
2
, (C2)
ΦLT (x, pT ) =
{
− f1LT (x, p
2
T
)
pT · SLT
M
+ g1LT (x, p
2
T
) ǫµν
T
SLT µ
pT ν
M
γ5
+h′1LT (x, p
2
T
)γ5γνǫ
νρ
T
SLT ρ − ih
⊥
1LT (x, p
2
T
)
pT · SLT
M
/p
T
M
}
/P
2
, (C3)
ΦTT (x, pT ) =
{
f1TT (x, p
2
T
)
pT αβS
αβ
TT
M2
− g1TT (x, p
2
T
)ǫµν
T
STT νρ
pρTpT µ
M2
γ5
−h′1TT (x, p
2
T
)γ5γνǫ
νρ
T
STT ρσ
pσ
T
M
+ ih⊥1TT (x, p
2
T
)
pT αβS
αβ
TT
M2
/p
T
M
}
/P
2
. (C4)
We note that all polarized quark distributions (g and h functions) in a tensor polarized target, h⊥1LL, g1LT , h
′
1LT ,
h⊥1LT , g1TT , h
′
1TT and h
⊥
1TT , are T-odd. Just as in Ref. [25], the integrated case is given by
ΦLL(x) = f1LL(x)SLL
/P
2
, (C5)
ΦLT (x) = h1LT (x)γνǫ
νρ
T
SLT ρ
/P
2
, (C6)
ΦTT (x) = 0, (C7)
where
h1LT (x, p
2
T
) = h′1LT (x, p
2
T
) + h
⊥(1)
1LT (x, p
2
T
). (C8)
For identifying the proper rank 1 TMD, it is also useful to define
h1TT (x, p
2
T
) = h′1TT (x, p
2
T
) + h
⊥(1)
1TT (x, p
2
T
). (C9)
Appendix D: Parametrization of the fragmentation correlator
The parametrization of the fragmentation correlator for a spin 1 particle, also first used in Ref. [25], is similar in
structure to the parametrization of the distribution correlator and is given by
∆(z, kT ) = ∆U (z, kT ) + ∆L(z, kT ) + ∆T (z, kT ) + ∆LL(z, kT ) + ∆LT (z, kT ) + ∆TT (z, kT ), (D1)
where the ∆U (z, kT ), ∆L(z, kT ) and ∆T (z, kT ) are the correlators that describe fragmentation into an unpolarized,
longitudinally and transversely polarized spin 1/2 particle. For spin 0 only ∆U (z, kT ) is relevant. The correlators in
Eq. D1 are with the notation of Ref. [24] at leading twist given by
∆U (z, kT ) =
{
D1(z, k
2
T
) + iH⊥1 (z, k
2
T
)
/k
T
Mh
}
/K
2
, (D2)
∆L(z, kT ) =
{
G1L(z, k
2
T
)Sh Lγ5 +H
⊥
1L(z, k
2
T
)ShL
γ5 /kT
Mh
}
/K
2
, (D3)
∆T (z, kT ) =
{
−G1T (z, k
2
T
)
kT · Sh T
Mh
γ5 +H1T (z, k
2
T
)γ5 /ShT
−H⊥1T (z, k
2
T
)
kT · Sh T
Mh
γ5 /kT
Mh
+D⊥1T (z, k
2
T
)
ǫρσT kTρSh Tσ
Mh
}
/K
2
, (D4)
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∆LL(z, kT ) =
{
D1LL(z, k
2
T
)ShLL + iH
⊥
1LL(z, k
2
T
)Sh LL
/k
T
Mh
}
/K
2
, (D5)
∆LT (z, kT ) =
{
−D1LT (z, k
2
T
)
kT · ShLT
Mh
−G1LT (z, k
2
T
)ǫµν
T
ShLT µ
kT ν
Mh
γ5
−H ′1LT (z, k
2
T
)γ5γνǫ
νρ
T
ShLT ρ − iH
⊥
1LT (z, k
2
T
)
kT · ShLT
Mh
/k
T
Mh
}
/K
2
, (D6)
∆TT (z, kT ) =
{
D1TT (z, k
2
T
)
kT αβS
αβ
h TT
M2h
+G1TT (z, k
2
T
)ǫµν
T
Sh TT νρ
kρTkT µ
M2h
γ5
+H ′1TT (z, k
2
T
)γ5γνǫ
νρ
T
Sh TT ρσ
kσ
T
Mh
+ iH⊥1TT (z, k
2
T
)
kT αβS
αβ
h TT
M2h
/k
T
Mh
}
/K
2
, (D7)
where D⊥1T , H
⊥
1 , H
⊥
1LL, G1LT , H
′
1LT , H
⊥
1LT , G1TT , H
′
1TT and H
⊥
1TT are T-odd. The relative sign difference between
certain corresponding TMD PDF and TMD PFF contributions comes from the definition ǫαβT = ǫ
αβρσn+ρn−σ, where
interchanging n+ and n− gives a relative minus sign [24]. The TMD PFFs G1(z, k
2
T
), H1(z, k
2
T
), H1LT (z, k
2
T
) and
H1TT (z, k
2
T
) are defined in the same way as their TMD PDF counterparts, whereas integrated TMD PFFs are defined
as
D...(z) = z
2
∫
d2kTD...(z, k
2
T
). (D8)
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